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DYNAMIC DEFORMATION OF AN ELASTOVISCOPLASTIC HOLLOW SPHERE

A. V. Krivochenko! and A. N. Sporykhin2 UDC 533.12

The stress—strain state of a hollow sphere under time-dependent loading is studied using the constitu-
tive relations for a hardening compressible elastoviscoplastic sold. Analytical solutions are obtained
for displacement fields in the elastic and plastic regions. Time dependences of the reciprocal of the
radius of the elastoplastic boundary are constructed, and the effect of the physicomechanical param-
eters on the radius of the elastoplastic boundary is determined.
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Ershov [1] investigated the axisymmetric instability of a thick-walled spherical shell under uniform pressure
in a static formulation using small elastoplastic deformation theory. Sporykhin [2] studied the problem of complex
media using flow theory under the assumption of incompressibility of the material. Semykina [3] solved the problem
of triaxial extension of elastoplastic space with a spherical cavity under periodic loading in a dynamic formulation.
In the present paper, we consider the dynamic deformation of a hollow compressible hardening elastoviscoplastic
sphere of radius R with inner radius a (Fig. 1). The outer surface of the sphere is subjected to distributed load P,
and the contour of the internal cavity to load p; these loads can be expressed as

n n
pP=7p° + Z Pk ew’“tJr%, p= pO + Zpk Wkt YK (1)
k=1 k=1
Here k=0,...,n, 0 <t < 00, wg and 7, are known constants (wx < 0).

The problem is solved in spherical coordinates using dimensionless variables. The quantities having the
dimension of length are normalized to the radius of the elastoplastic boundary rs, and the quantities having the
dimension of stress are normalized to the shear modulus p.

In view of axial symmetry, the constitutive equations of the problem have the following form:
for the equations of motion,

do, 2 po 0%u
- - =0 2
or + r (o = 09) r Ot? (2)
(po is the dimensionless density of the material; u = u,);
for the Cauchy relations,
du u
r = I = 7 3
€ dr €0 - ( )
for Hooke’s law for the stress in the elastic region,
or = 2e, + Mo(er + 2¢9), o9 = 2e9 + Aoler + 2¢e9), Ao = A p. (4)

For a compressible hardening elastoviscoplastic solid in the Ivlev—Sporykhin model [2-5], the loading function
is written as

F = Qo] — (SZ — Coefj — T]QBZ)(SZ — Coefj — T]Qéfj) — KO = 0,
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Fig. 1. Hollow sphere under external and internal dynamic loads.

where « is the dilatancy rate, o1 = oxx/3 is the first invariant of the stress tensor, S;; = 0;; — okxdi;/3 and
eij = €ij — Ekklij /3 are the stress and strain tensor deviators, respectively, K is the yield point, ¢y and 7y are
the hardening and viscosity parameters. The relations for the total strains in the plastic region are written as

€ij = €5+ afj, and the associated plastic flow law, according to [2, 4, 5], is written as
0e? a S, —coel —noe?
=¢(%+ ) + (o),
ot C( 3 KO — Qo1 (0'1)0'1
oeh a  Sp—coel) — noél
=¢(9+ ) (o)
ot C(-?) KQ — Qo1 (0'1)0'1
(U = const). The boundary conditions and conjugation conditions become
p P a R
Tr = 5 Or =, ovfi=1=0, [ufp=1=0, a= ", ¢= . (5)
r=ay 12 r=qax /L Ts a

Under the assumption that, at the onset of plastic flow ¢ = t., the plastic region begins to form from the
boundaries of the internal cavity of the sphere, the initial conditions are specified as

s =1. (6)
t=t.
According to (1), the required functions become
O(r,t) = BO(r) + »_ BF(r)ess! Tk, (7)
k=1

Using the equations of motion (2), Cauchy relations (3), and Hooke’s law (4), we obtain the following system
of n + 1 differential equations for displacements in the elastic region:

d*u* 2 duF pow? uk 0, k=0,
— (2 k ) =0, k=0,...,N -
dr? 7 dr ( +2+)\oﬂk r2 ’ Y o 1, k>0,
from which we have
u® =adir + vy + Zn:(ak P 4 ks ) ekt (8)
11 , 11 12 )

k=1
where nf , =1/2+\/9/4+ pow?/(2+ Xo) (k=1,...,n) and af, are integration constants.
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According to Hooke’s law, the stress components in the elastic region become

Ao — 2 .
of = 2+3%)ady + 0 Tl + Y [(2h +nb @+ Ao)akir™ T+ (20 + (2 + do))afyrE 7| e,

k=1
o + 2 - )
o8 = (24 3X0)al, + OTQ ady+ > [(2 02+ nb))ak T 4 (24 Mo (2 + n’;))a’flrné“ﬂ R
k=1

Due to axial symmetry, we have
Sp =S, =—5,/2, e = e, = —e, /2.
The loading function and the associated plastic flow law are written as
aoy +/3/2(S, — coe? —moél) — Ko =0, P =¢&(a/34+/2/3)+To1,  £h=¢E(af3—/1/6) + Wa,.
In view of relations (1), we have
aot +/3/2(SF — [co + nowkBelel”) — Ko =0,
(el = Wob)B =M (a/3+V2/3).  wilel — o) = (a/3 - V/1/6),

from which, taking into account Hooke’s law (4) and Cauchy relations (3), we obtain
=30 L (o Ml At R ) e,
o = Zn: Alk (A’§1 d;lik + A% I;k + A§3K05k) et
where
AF = 3aX0V6 + 602(2+ 3Xg) + 3(2 + co + Brmow) [6¥ (2 + 3Xo) + 3Xo + 6],
Al = 4(2+ 3X0) (V22 — v/3)? + 12(co + Bemows) [2¥(2 + 30) + 3Xo + 3],
Aty = 4(2 4 3X0)(6 — 20° — V6r) — 6(co + Brmowr) [4¥ (2 + 3Xo) — 3o,
Al = (2+ 3X0)(6a + 12V60) + 3V6 (4 + 3)o),
A5y = 2(2+3X0)(6 4 2% — V6a) + 6(co + Brmowr)[BAo — 29(2 + 3Xo)],
ABy = 4(2 + 300) (@ + V6)? + 12(co + Bunowi) [T (2 + 3ho) + 3Xo + 3],

Ak, =6(2+3)) (e — V6 T) — 66.

Substitution of relations (10) into the equations of motion (2) yields the following system of equations for
the displacement component in the plastic region:

2,k k
p d7u x du

b x Ko
0 dr2 L odr

k
kU _ —
+b —bgrz—i—b3 . =0, k=0,...,n. (11)

Here

bE = 4(2 4+ 3X0) (V2 — V3)2 + 12(co + Brmows)[2¥(2 + 3X0) + 3Xo + 3],
by = 4(2+3X0)(a — V6 )%+ 6(co + Brmows)[8T(2 + 3Xo) + 9Ng + 12],
by = 4(2 4 3)\)(40® +5V6 a + 6) + (co + Bremow)[48W (2 + 3X) + 18(4 + 3)0)]
+ powiBr[6(2 + 3X0)a? + 3X0aV/6 + 9(2 + co + Brmowsr)(2¥[2 4+ 3Xo] + Ao + 2)],

b = 186, vV6 Mo + 2 — 2(2 + 3X0) V).
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Fig. 2. External P/u (1) and internal p/u (2) loads versus time (wy, = —k - 1072 and ~y; = 0, where
k=1, 2, and 3).
Fig. 3. Reciprocal of the radius of the elastoplastic boundary versus time for a« = 0.1, ¢o = 0.1, and
viscosity 1o = 0.05 (1) and 0.10 (2).
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Fig. 4. Reciprocal of the radius of the elastoplastic boundary versus time for 7o = 0.05 and dilatancy
rate « = 0.2 (a) and, 0.3 (b) and hardening parameter ¢o = 0.10 (curve 1) and 0.05 (curve 2).
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We write the solution of system (11) as

0K
k m¥ k ,.mk t b3 Ko 0
u = E (az;7™ + agyr™?) eH +b0 By rtaf ™+ adyr™,
k=0

where
= (05 — b £ \/(0f — 082 + avfvl ) /(20F), (12)

and afj are integration constants.
According to (10)—(12), the stress components in the plastic region are written as

b3(AY, + AYy)

0
Bist T }KO’

=30 [l ekt A Ayt e 1
k=1
(13)

b3 (AY; + Agz)}KO.

b3 — b9

p
o

1 1
S0 an [(Bhimb + Akak T (Abmk + AbyakymE et 4 A9+
k=1

From the obtained solutions (8), (9), (12), and (13) subject to appropriate boundary conditions, conjugation
conditions (5), and initial condition (6), we finally express the integration constants as

af; = g55/9", i=1,2, j=12, k=1,....n
g* = df wilal Lk 51(dYy — dby) + dbya 7*% 1(dlzcl —dy,)]
— db b [T T (0 — dby) + dhya™ TN (dh — dby)),
gt = PYlal by (ahy — dby) + dhyal® T (dby — )] — dipub(0f — full - Bel)(d) — dy)
+ (50T (o — fadhy) + il [ fadby — AD(L - B
g5 = db b (o — il — Bu)(dsy — dby) + (@ by [y — fadly) + T d [ fady — £ Br)]
— PR TN b, — ) + dbyal T — db),
g5 = (p6 — f1ll = Be])[dT wh (dby — dfy) + diywh (dy, — dby)]
— dlyal T PR, — diy) + (@il — fadty] + dy [fodty — AL = B,
gk = d21am1 1[P§(d’f1 — dty) + (diyws [f1 — f2dy] + dy [fadiy — f1]) (1 — Br)]

- (Pg — fi[l - ﬁk])[d’flw’f(d’;l - dlfz) + dlf2w§(dlf1 - dgl)]v

1, k=0, qa.)"2, k=0,
k k
wy = nlffl Wy = n’;fl

(ga) , k>0, (gas) , k>0,

dfy = (2+ Xo)(1+ nf[L — B), dfy = (2+ Xo)(1 4+ n5[1 — B)),
ds; = (Afymf + AL,) /AR, sy = (Afymf + AT,)/AF,

b3(AY, + AY,) b9
k 3 11 12 _ 3
= a0 [Al?’ by — 9 }KO’ f2= b — Y Ho.
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The radius of the elastoplastic boundary is found from the equation

n

1 k., k k 951 k., k k 952
Z gk [(Azlml +A3,) Ak + (A3yms + Asy) Ak
k=1

— (24 d0(2+nb))ghy — (24 Ao(2 + nb))ghy | e+t

1 b3(AS; + Ad)
A0 by — Y

Numerical calculations were performed for the case of time-dependent external and internal dynamic loads
for ¥ = Ky = 0.01, po = 0.001, and Ay = 1.5 (Fig. 2). The results of the numerical experiment are presented in
Figs. 3 and 4, which show the dependence of the reciprocal a, of the radius of the elastoplastic boundary on time ¢
for various values of the physicomechanical parameters [4].

It should be noted that, for P = P° and p = p°, the obtained solutions coincide with the solutions of the
static problem given in [2].

Figures 3 and 4 show the effect of the viscosity and hardening parameter on the behavior of the elastoplastic
boundary. It is evident that the plastic deformation region increases with increasing viscosity and decreases with
increasing hardening parameter. Thus, with time, the radius of the elastoplastic boundary tends to a constant
value.

= o [@+3%)a + (o -+ 2aa] = 5, [6%+ | Ko.
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