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DYNAMIC DEFORMATION OF AN ELASTOVISCOPLASTIC HOLLOW SPHERE

UDC 533.12A. V. Krivochenko1 and A. N. Sporykhin2

The stress–strain state of a hollow sphere under time-dependent loading is studied using the constitu-
tive relations for a hardening compressible elastoviscoplastic sold. Analytical solutions are obtained
for displacement fields in the elastic and plastic regions. Time dependences of the reciprocal of the
radius of the elastoplastic boundary are constructed, and the effect of the physicomechanical param-
eters on the radius of the elastoplastic boundary is determined.
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Ershov [1] investigated the axisymmetric instability of a thick-walled spherical shell under uniform pressure
in a static formulation using small elastoplastic deformation theory. Sporykhin [2] studied the problem of complex
media using flow theory under the assumption of incompressibility of the material. Semykina [3] solved the problem
of triaxial extension of elastoplastic space with a spherical cavity under periodic loading in a dynamic formulation.
In the present paper, we consider the dynamic deformation of a hollow compressible hardening elastoviscoplastic
sphere of radius R with inner radius a (Fig. 1). The outer surface of the sphere is subjected to distributed load P ,
and the contour of the internal cavity to load p; these loads can be expressed as

P = P 0 +
n∑

k=1

P k eωkt+γk , p = p0 +
n∑

k=1

pk eωkt+γk . (1)

Here k = 0, . . . , n, 0 � t � ∞, ωk and γk are known constants (ωk < 0).
The problem is solved in spherical coordinates using dimensionless variables. The quantities having the

dimension of length are normalized to the radius of the elastoplastic boundary rs, and the quantities having the
dimension of stress are normalized to the shear modulus μ.

In view of axial symmetry, the constitutive equations of the problem have the following form:
for the equations of motion,

∂σr

∂r
+

2
r

(σr − σθ) − ρ0

r

∂2u

∂t2
= 0 (2)

(ρ0 is the dimensionless density of the material; u = ur);
for the Cauchy relations,

εr =
du

dr
, εθ =

u

r
; (3)

for Hooke’s law for the stress in the elastic region,

σr = 2εr + λ0(εr + 2εθ), σθ = 2εθ + λ0(εr + 2εθ), λ0 = λ/μ. (4)

For a compressible hardening elastoviscoplastic solid in the Ivlev–Sporykhin model [2–5], the loading function
is written as

F = ασ1 − (Sij − c0e
p
ij − η0ė

p
ij)(Sij − c0e

p
ij − η0ė

p
ij) − K0 = 0,
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Fig. 1. Hollow sphere under external and internal dynamic loads.

where α is the dilatancy rate, σ1 = σkk/3 is the first invariant of the stress tensor, Sij = σij − σkkδij/3 and
eij = εij − εkkδij/3 are the stress and strain tensor deviators, respectively, K0 is the yield point, c0 and η0 are
the hardening and viscosity parameters. The relations for the total strains in the plastic region are written as
εij = εe

ij + εp
ij , and the associated plastic flow law, according to [2, 4, 5], is written as

∂εp
r

∂t
= ζ

(α

3
+

Sr − c0e
p
r − η0ė

p
r

K0 − ασ1

)
+ Ψ(σ1)σ̇1,

∂εp
θ

∂t
= ζ

(α

3
+

Sθ − c0e
p
θ − η0ė

p
θ

K0 − ασ1

)
+ Ψ(σ1)σ̇1

(Ψ = const). The boundary conditions and conjugation conditions become

σr

∣∣∣
r=a∗

=
p

μ
, σr

∣∣∣
r=qa∗

=
P

μ
, [σr ]r=1 = 0, [u]r=1 = 0, a∗ =

a

rs
, q =

R

a
. (5)

Under the assumption that, at the onset of plastic flow t = t∗, the plastic region begins to form from the
boundaries of the internal cavity of the sphere, the initial conditions are specified as

a∗
∣∣∣
t=t∗

= 1. (6)

According to (1), the required functions become

Φ(r, t) = Φ0(r) +
n∑

k=1

Φk(r) eωkt+γk . (7)

Using the equations of motion (2), Cauchy relations (3), and Hooke’s law (4), we obtain the following system
of n + 1 differential equations for displacements in the elastic region:

d2uk

dr2
+

2
r

duk

dr
−

(
2 +

ρ0ω
2
k

2 + λ0
βk

)uk

r2
= 0, k = 0, . . . , N, βk =

{
0, k = 0,

1, k > 0,

from which we have

ue = a0
11r +

a0
12

r
+

n∑

k=1

(ak
11r

nk
1 + ak

12r
nk

2 ) eωkt+γk , (8)

where nk
1,2 = 1/2 ± √

9/4 + ρ0ω2
k/(2 + λ0) (k = 1, . . . , n) and ak

11 are integration constants.
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According to Hooke’s law, the stress components in the elastic region become

σe
r = (2 + 3λ0)a0

11 +
λ0 − 2

r2
a0
12 +

n∑

k=1

[
(2λ0 + nk

1(2 + λ0))ak
11r

nk
1−1 + (2λ0 + nk

2(2 + λ0))ak
12r

nk
2−1

]
eωkt+γk ,

(9)

σe
θ = (2 + 3λ0)a0

11 +
λ0 + 2

r2
a0
12 +

n∑

k=1

[
(2 + λ0(2 + nk

1))ak
11r

nk
1−1 + (2 + λ0(2 + nk

2))a
k
11r

nk
2−2

]
eωkt+γk .

Due to axial symmetry, we have

Sθ = Sϕ = −Sr/2, eθ = eϕ = −er/2.

The loading function and the associated plastic flow law are written as

ασ1 +
√

3/2 (Sr − c0e
p
r − η0ė

p
r) − K0 = 0, ε̇p

r = ξ(α/3 +
√

2/3 ) + Ψσ̇1, ε̇p
θ = ξ(α/3 −

√
1/6 ) + Ψσ̇1.

In view of relations (1), we have

ασk
1 +

√
3/2 (Sk

r − [c0 + η0ωkβk]epk

r ) − K0βk = 0,

ωk(εpk

r − Ψσk
1 )βk = ξk(α/3 +

√
2/3 ), ωk(εpk

θ − Ψσk
1 )βk = ξk(α/3 −

√
1/6 ),

from which, taking into account Hooke’s law (4) and Cauchy relations (3), we obtain

σp
r =

n∑

k=0

1
Δk

(
Δk

11

duk

dr
+ Δk

12

uk

r
+ Δk

13K0βk

)
eωkt+γk ,

σp
θ =

n∑

k=0

1
Δk

(
Δk

21

duk

dr
+ Δk

22

uk

r
+ Δk

23K0βk

)
eωkt+γk ,

(10)

where

Δk = 3αλ0

√
6 + 6α2(2 + 3λ0) + 3(2 + c0 + βkη0ωk)[6Ψ(2 + 3λ0) + 3λ0 + 6],

Δk
11 = 4(2 + 3λ0)(

√
2α −

√
3)2 + 12(c0 + βkη0ωk)[2Ψ(2 + 3λ0) + 3λ0 + 3],

Δk
12 = 4(2 + 3λ0)(6 − 2α2 −

√
6α) − 6(c0 + βkη0ωk)[4Ψ(2 + 3λ0) − 3λ0],

Δk
13 = (2 + 3λ0)(6α + 12

√
6Ψ) + 3

√
6 (4 + 3λ0),

Δk
21 = 2(2 + 3λ0)(6 + 2α2 −

√
6α) + 6(c0 + βkη0ωk)[3λ0 − 2Ψ(2 + 3λ0)],

Δk
22 = 4(2 + 3λ0)(α +

√
6)2 + 12(c0 + βkη0ωk)[Ψ(2 + 3λ0) + 3λ0 + 3],

Δk
23 = 6(2 + 3λ0)(α −

√
6Ψ) − 6

√
6.

Substitution of relations (10) into the equations of motion (2) yields the following system of equations for
the displacement component in the plastic region:

bk
0

d2uk

dr2
+ bk

1

duk

dr
− bk

2

uk

r2
+ bk

3

K0

r
= 0, k = 0, . . . , n. (11)

Here

bk
0 = 4(2 + 3λ0)(

√
2α −

√
3 )2 + 12(c0 + βkη0ωk)[2Ψ(2 + 3λ0) + 3λ0 + 3],

bk
1 = 4(2 + 3λ0)(α −

√
6 )2 + 6(c0 + βkη0ωk)[8Ψ(2 + 3λ0) + 9λ0 + 12],

bk
2 = 4(2 + 3λ0)(4α2 + 5

√
6α + 6) + (c0 + βkη0ωk)[48Ψ(2 + 3λ0) + 18(4 + 3λ0)]

+ ρ0ω
2
kβk[6(2 + 3λ0)α2 + 3λ0α

√
6 + 9(2 + c0 + βkη0ωk)(2Ψ[2 + 3λ0] + λ0 + 2)],

bk
3 = 18βk

√
6 [λ0 + 2 − 2(2 + 3λ0)Ψ].
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Fig. 2. External P/μ (1) and internal p/μ (2) loads versus time (ωk = −k · 10−2 and γk = 0, where
k = 1, 2, and 3).

Fig. 3. Reciprocal of the radius of the elastoplastic boundary versus time for α = 0.1, c0 = 0.1, and
viscosity η0 = 0.05 (1) and 0.10 (2).
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Fig. 4. Reciprocal of the radius of the elastoplastic boundary versus time for η0 = 0.05 and dilatancy
rate α = 0.2 (a) and, 0.3 (b) and hardening parameter c0 = 0.10 (curve 1) and 0.05 (curve 2).
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We write the solution of system (11) as

up =
n∑

k=0

(ak
21r

mk
1 + ak

22r
mk

2 ) eωkt+γk +
b0
3K0

b0
2 − b0

1

r + a0
21r

m0
1 + a0

22r
m0

2 ,

where

mk
1,2 =

(
bk
1 − bk

0 ±
√

(bk
1 − bk

0)2 + 4bk
0b

k
2

)
/(2bk

0), (12)

and ak
ij are integration constants.
According to (10)–(12), the stress components in the plastic region are written as

σp
r =

n∑

k=1

1
Δk

[
(Δk

11m
k
1 + Δk

12)a
k
21r

mk
1−1 + (Δk

11m
k
2 + Δk

12)a
k
22r

mk
2−1

]
eωkt+γk +

1
Δ0

[
Δ0

13 +
b0
3(Δ

0
11 + Δ0

12)
b0
2 − b0

1

]
K0,

σp
θ =

n∑

k=1

1
Δk

[
(Δk

21m
k
1 + Δk

22)a
k
21r

mk
1−1 + (Δk

21m
k
2 + Δk

22)a
k
22r

mk
2−1

]
eωkt+γk +

1
Δ0

[
Δ0

23 +
b0
3(Δ

0
21 + Δ0

22)
b0
2 − b0

1

]
K0.

(13)

From the obtained solutions (8), (9), (12), and (13) subject to appropriate boundary conditions, conjugation
conditions (5), and initial condition (6), we finally express the integration constants as

ak
ij = gk

ij/gk, i = 1, 2, j = 1, 2, k = 1, . . . , n,

gk = dk
11w

k
1 [amk

1−1
∗ dk

21(d
k
12 − dk

22) + dk
22a

mk
2−1

∗ (dk
21 − dk

12)]

− dk
12w

k
2 [amk

1−1
∗ dk

21(d
k
11 − dk

22) + dk
22a

mk
2−1

∗ (dk
21 − dk

12)],

gk
1 = P k

0 [amk
1−1

∗ dk
21(d

k
12 − dk

22) + dk
22a

mk
2−1

∗ (dk
21 − dk

12)] − dk
12w

k
2 [(pk

0 − f1[1 − βk])(dk
21 − dk

22)

+ (dk
21a

mk
1−1

∗ (f1 − f2d
k
22) + dk

22a
mk

2−1
∗ [f2d

k
21 − f1])(1 − βk)],

gk
2 = dk

21w
k
1 [(pk

0 − f1[1 − βk])(dk
21 − dk

22) + (amk
1−1

∗ dk
21[f1 − f2d

k
22] + a

mk
2−1

∗ dk
22[f2d

k
21 − f1])(1 − βk)]

− P k
0 [dk

21a
mk

1−1
∗ (dk

11 − dk
22) + dk

22a
mk

2−1
∗ (dk

21 − dk
11)],

gk
3 = (pk

0 − f1[1 − βk])[dk
11w

k
1 (dk

22 − dk
12) + dk

12w
k
2 (dk

11 − dk
12)]

− dk
22a

mk
2−1

∗ [P k
0 (dk

11 − dk
12) + (dk

12w
k
2 [f1 − f2d

k
11] + dk

11[f2d
k
12 − f1])(1 − βk)],

gk
4 = dk

21a
mk

1−1
∗ [P k

0 (dk
11 − dk

12) + (dk
12w

k
2 [f1 − f2d

k
11] + dk

11[f2d
k
12 − f1])(1 − βk)]

− (pk
0 − f1[1 − βk])[dk

11w
k
1 (dk

21 − dk
12) + dk

12w
k
2 (dk

11 − dk
21)],

wk
1 =

{
1, k = 0,

(qa∗)nk
1−1, k > 0,

wk
2 =

{
(qa∗)−2, k = 0,

(qa∗)nk
2−1, k > 0,

dk
11 = (2 + λ0)(1 + nk

1 [1 − βk]), dk
12 = (2 + λ0)(1 + nk

2 [1 − βk]),

dk
21 = (Δk

11m
k
1 + Δk

12)/Δk, dk
22 = (Δk

11m
k
2 + Δk

12)/Δk,

f1 =
1

Δ0

[
Δk

13 +
b0
3(Δ

0
11 + Δ0

12)
b0
2 − b0

1

]
K0, f2 =

b0
3

b0
2 − b0

1

K0.
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The radius of the elastoplastic boundary is found from the equation
n∑

k=1

1
gk

[
(Δk

21m
k
1 + Δk

22)
gk
21

Δk
+ (Δk

21m
k
2 + Δk

22)
gk
22

Δk

− (2 + λ0(2 + nk
1))gk

11 − (2 + λ0(2 + nk
2))gk

12

]
eωkt+γk

=
1
g0

[
(2 + 3λ0)g0

11 + (λ0 + 2)g0
12

]
− 1

Δ0

[
Δ0

23 +
b0
3(Δ

0
21 + Δ0

22)
b0
2 − b0

1

]
K0.

Numerical calculations were performed for the case of time-dependent external and internal dynamic loads
for Ψ = K0 = 0.01, ρ0 = 0.001, and λ0 = 1.5 (Fig. 2). The results of the numerical experiment are presented in
Figs. 3 and 4, which show the dependence of the reciprocal a∗ of the radius of the elastoplastic boundary on time t

for various values of the physicomechanical parameters [4].
It should be noted that, for P = P 0 and p = p0, the obtained solutions coincide with the solutions of the

static problem given in [2].
Figures 3 and 4 show the effect of the viscosity and hardening parameter on the behavior of the elastoplastic

boundary. It is evident that the plastic deformation region increases with increasing viscosity and decreases with
increasing hardening parameter. Thus, with time, the radius of the elastoplastic boundary tends to a constant
value.
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